Abstract -In this paper, we develop a transfer matrix-based homogenization approach applicable to self-similar fractal structures. With this method, we derive the material parameters of a layered metamaterial comprising two different dielectrics with permittivities equal to e 1 and e 2 , respectively, in which the layers are distributed based on a fractal set. The band dispersion diagram and effective permittivity obtained analytically are verified with numerical simulations.
Introduction to the problem
The complexity of metamaterials (MTMs) [1] gives rise to various homogenization techniques, which allow for an efficient analytical description of their electromagnetic properties without the need to consider all of their structural details [2] [3] [4] [5] [6] [7] .
The majority of the known homogenization methods for MTMs rely on the periodicity of the structure. Although the spatial period in such MTMs is typically much smaller than the wavelength, it is always finite, and thus a finite-size MTM sample always contains a finite number of unit cells.
In this work, we are interested in fractal [8] MTMs, constituents of which follow a fractal downscaling rule and therefore have (theoretically) infinitely many internal parts of infinitesimal dimensions. Here, the self-similarity properties of fractals are exploited for proposing a new homogenization method for such MTMs based on fractal geometry.
As a test problem for this homogenization method, we consider a layered fractal MTM comprising two different dielectrics. In this case, an unbounded fractal MTM can be formed by periodically repeating fractal unit cells. In the following we consider a structure having just one such cell. Figure 1 depicts examples of the unit cells with increasing fractal order. In the first order (Figure 1a) , we consider three layers: one layer of e 1 with the thickness of d 1 in the middle and two layers with permittivity e 2 and the thickness of d 2 . The structure is along the z axis and has a total thickness of L = d 1 + 2d 2 . The layers are considered infinite along y and x axes (as compared to the wavelength).
By increasing the fractal order, the first and third layers of the first-order structure are replaced by a triplet of layers which are self-similar to the original structure, but with the roles of e 1 and e 2 interchanged. For a fractal of n-th order this procedure is repeated n À 1 times. As an example, the first four resulting profiles e(z) are shown in Figure 1 .
The geometry of the fractal structure is determined by one parameter: the fractal ratio, r, which is defined as
and thus by definition can not be higher than 0.5.
Analytical transfer matrix-based approach
The effective parameters of the 1D fractal medium can be calculated analytically using the transfer (ABCD) matrix approach. The transfer matrix, A, is defined as follows [9] :
in which E x1;2 and H y 1;2 are the transverse fields at the input and the output of the structure and A diel is the transfer matrix of a dielectric layer which can be written as shown below [10] :
where d is the thickness of the dielectric layer, and
and g 0 and k 0 are the wave impedance and the wave propagation factor in free space, respectively.
For nonmagnetic materials, we have l r = 1 and if we use the field units such that g 0 = 1, the equation for A diel with relative permittivity e r can be simplified as shown below:
Using these expressions, the total transfer matrix of a stack of dielectric layers is calculated as an ordered product of the transfer matrices of the separate layers.
Eigenvalues of the transfer matrix and the band dispersion diagram
By knowing the eigenvalues of the transfer matrix, the band diagram [11, p. 29] of the structure can be calculated. The eigenvalues K 1,2 of the total transfer matrix are related to the propagation factors k z ¼ k 0 ffiffiffiffiffiffi e eff p as K 1;2 ¼ exp AEjkzL . Within propagation bands, k z is real (when there is no loss) and the two eigenvalues of the transfer matrix are complex conjugate of each other. On the other hand, within stopbands, k z is purely imaginary and the two eigenvalues have distinct real values.
The band diagram (the dispersion characteristic) for the fractal structure of 9th order obtained with the transfer matrix approach is shown in Figure 2 . In this diagram, the propagation factor k z is calculated as:
Effective permittivity in the quasi-static approximation
When the fractal order is increasing, the total number of layers in the structure grows very fast (in geometric progression), which makes direct numerical computation of the total transfer matrix and the band diagram inefficient. Therefore, to describe fractal structures of order n ! 1, an alternative approach is needed.
In order to develop such approach, we note that the transfer matrix of the whole structure of infinite fractal order A 1 can be calculated recursively due to the self-repeating property of the fractal:
where B 1 is the transfer matrix of the two fractal parts which surround the middle dielectric layer of thickness d 1 = (1À2r)L. By using fractal's self-similarity property, B 1 can be expressed as
The equations (7) and (8) are functional equations for the unknowns A 1 and B 1 . Resolving these equations analytically for arbitrary values of the parameters appears impossible. However, when interested only in the behaviour of the structure at low frequencies, the following method can be used. The same approach also allows us to find the effective permittivities of the structure at low frequencies.
In order to solve equations (7) and (8) with the effective medium approach, we equate the unknown transfer matrices A 1 and B 1 to the transfer matrices of uniform dielectric layers with some effective permittivities e A,eff and e B,eff : A 1 = A diel (k 0 , L, e A,eff ) and B 1 = A diel (k 0 , rL, e B,eff ), and search for such e A,eff and e B,eff which satisfy the equations (7) and (8) . In the quasi-static limit of k 0 L ( 1 the expression for the transfer matrix of the dielectric layer can be approximated as: Using this expression for A 1 and B 1 , we solve the system of equations (7) and (8) . The solution of this system of equations is:
where, e A,eff e eff is the effective epsilon of the whole fractal. Note that, in the quasi-static limit, the effective permittivity of the structure is expressed as a weighted average of the permittivities of the layers. In order to understand the range of applicability of the obtained quasi-static expressions for the effective permittivity, we compare the eigenvalues of the total transfer matrices calculated by the effective medium approach and by the multilayer approach.
The transfer matrix eigenvalues for both the effective medium approach and the direct numerical calculation for multiple layers are shown in Figure 3 . This figure depicts the real part and the absolute value of the imaginary part of the two eigenvalues as functions of k 0 L. The curves representing these functions (the blue and golden curves) coincide within the propagation bands and split (form ''loops'' visible in Figure 3 ) in the stopbands. Figure 3 shows that outside of the stopbands and when k 0 L [ 2, the result from the effective medium calculations is similar to the result from numerical calculations for 9th order.
FDTD simulations
In order to verify the analytical results obtained with the transfer matrix approach, MIT Photonic-Bands (MPB) 1 package and MEEP 2 simulation software package have been used [12] .
In contrast with the transfer-matrix based calculations, in which considering structures that have thousands of dielectric layers is feasible, in FDTD-based numerical calculations working with higher orders of fractals is more difficult. Therefore, the following results are given only for 9th and 11th order fractal MTMs which have 683 and 2,731 dielectric layers in the whole structure, respectively. Figure 4 shows the e profile of the fractal of 9th order. Figure 5a depicts the permittivity profile of the 9th order fractal MTM as it is represented by the MPB. With increasing the resolution of the figure the distribution of e is better seen for higher orders.
FDTD-based band diagram calculations
The number of layers in each order of this structure is 1 3 ð2 nþ2 À ðÀ1Þ n Þ. The smallest layer thickness equals to Lr n for 1 3
, and L(1 À 2r)r nÀ1 for r < . Considering these conditions, the physical limits for the highest order of this structure can be estimated. Figure 6 shows the band diagram for the 9th and 11th orders (the epsilon profile of this order is shown in Figure 5b ) of fractal MTM. As is seen from the band diagram for the 9th order, the simulation results follow closely the analytical results shown in Figure 2 .
As it is seen from Figure 6 , since the finest fractal elements are already too small in these orders (as compared to wavelength), the band diagrams are very close to each other. Figure 7 shows the agreement between analytical results and numerical calculations for the fractal of 9th order.
Field distributions in the propagation bands
Using the FDTD algorithm allows us also to study how the electromagnetic field of the modes propagating inside the structure is distributed within the multilayer structure.
The field distribution along the fractal structure is shown in Figure 8 , for four bands of propagation. In these examples,
. As one can see, the field distributions closely resemble the ones for plane waves propagating in uniform media, which shows that the studied fractal structure can be considered as effectively homogeneous in these frequency bands.
Conclusion
In this work a new 1D metamaterial which is based on a fractal set has been presented. A homogenization method that uses self-similarity property of the structure has been developed. We have derived the effective material parameters of this fractal MTM structure and verified them numerically. The quasi-static effective permittivity obtained with this method is expressed as a weighted average of permittivity of dielectric layers in the fractal. This result agrees well with the known quasi-static solutions for layered media, which confirms the validity of the proposed homogenization method. 
